Abstract. We study the spectrum M b (U ) of the algebra of bounded type holomorphic functions on a complete Reinhardt domain in a symmetrically regular Banach space E as an analytic manifold over the bidual of the space. In the case that U is the unit ball of ℓ p , 1 < p < ∞, we prove that each connected component of M b (B ℓp ) naturally identifies with a ball of a certain radius. We also provide estimates for this radius and in many natural cases we have the precise value. As a consequence, we obtain that for connected components different from that of evaluations, these radii are strictly smaller than one, and can be arbitrarily small. We also show that for other Banach sequence spaces, connected components do not necessarily identify with balls.
Introduction
The study of the spectrum of the algebra of bounded type analytic functions on a Banach space E was initiated by the seminal article of Aron, Cole and Gamelin [3] . Their main motivation was its relation with the algebra H ∞ (B E ) of bounded holomorphic functions on the unit ball. As in the one or finite dimensional case, there is a natural projection defined on the spectrum M of H ∞ , which in the infinite dimensional case, has range contained in the closed unit ball of the bidual B E ′′ .
The results proved in [3] imply that the interior part of the spectrum M (i.e. the subset of homomorphisms which lie in the fibers of the interior points of the ball) naturally identifies with the spectrum M b (B E ) of the algebra of bounded type holomorphic functions on the unit ball of the Banach space E.
In [4] , the authors continued the study of the spectrum of the algebra of bounded type analytic functions. They showed that for symmetrically regular Banach spaces, the spectrum M b (U) of the algebra H b (U) of bounded type holomorphic functions on an open set U ⊂ E may be endowed with an analytic structure as an infinite dimensional Banach manifold modeled over the bidual E ′′ of E. This was applied, for example, to characterize the envelope of holomorphy of U in [7, 12] . The analytic structure of M b (X) for X a Riemann domain over a symetrically regular Banach space was studied in [9] .
In this article, we study the spectrum of the algebra of bounded type analytic functions on the unit ball of E (or on a complete Reinhardt domain) from this point of view. More precisely, we aim to
give an accurate description of M b (U) as analytic manifold. We show that whenever U is a complete
Reinhardt domain in a reflexive space with 1-unconditional basis, each connected component of
is (identified with) a complete Reinhardt set, which is not necessarily a multiple of U. We also prove that, when U is the unit ball of ℓ p , the connected components are identified with balls in the following sense (see definitions below): they are all of the form
for some ϕ in the fiber of 0 and some 0 < r ≤ 1. Moreover, with the exception of the component formed by evaluations, the radius r is strictly smaller that 1. Also, there are connected components with arbitrary small radius. To show these facts, we give estimates of the radius of each connected component and, for the components of most natural homomorphisms, we give their exact value.
This altogether provides a thorough description of M b (B ℓp ), which in turn gives information on the spectrum of H ∞ (B ℓp ) by [3] .
The fact that connected components are identified with balls as in (1) is a particular (isometric)
property of ℓ p : we exhibit an example of a Banach space E with 1-unconditional basis for which the connected components of M b (B E ) are not balls. The example is actually a Banach space isomorphic to ℓ 2 .
We refer to [8, 11] for general theory on complex analysis in Banach spaces, and to [5, 6, 8, 10, 13] for background on the space of holomorphic functions of bounded type and its spectrum. For an open subset U ⊂ E, a U-bounded set is a bounded set A ⊂ U whose distance to the boundary of U, denoted by d U (A), is positive. A family (U n ) n∈N of subsets of U is a fundamental family of U-bounded sets if each U n is U-bounded, and if every U-bounded set is contained in some
Every open set U admits a fundamental family of U-bounded sets, for instance
for every n ∈ N. A holomorphic function on U which is bounded on U-bounded sets is called of bounded type on U. The algebra of all bounded type holomorphic functions on U is denoted by H b (U) and it is a Fréchet algebra when it is endowed with the topology of uniform convergence on U-bounded sets. The spectrum of H b (U), i.e. the set of non-zero continuous complex valued
where f A is the supremum of |f | over the set A. We will write ϕ ≺ A when (2) holds.
There is a natural projection π :
We thus have the following commutative diagram:
where δ is the point evaluation mapping and j E : E → E ′′ is the natural inclusion.
A Banach space E is symmetrically regular if every continuous symmetric linear mapping
Every reflexive Banach space is symmetrically regular. In [4] , for E a symmetrically regular Banach space and U ⊂ E an open subset, a topology is defined on M b (U) so that the mapping π above is a local homeomorphism that makes (M b (U), π) a Riemann domain over E ′′ .
Let us briefly describe this topology (see [4] for details). Recall that any holomorphic function f of bounded type on E may be extended to a function AB(f ) ∈ H b (E ′′ ) through the Aron-Berner extension [1] . Given f ∈ H b (U) and z ∈ E ′′ , the function
is a bounded type holomorphic function on U.
, it is possible to define, for each z ∈ E ′′ with z < r, the homomorphism ϕ z given by
When E is symmetrically regular, the sets {ϕ z : z < r}, with ϕ ∈ M b (U) and r < d U (ϕ), form a basis of a Hausdorff topology for M b (U), and each set {ϕ z : z < r} is homeomorphic to the ball π(ϕ) + rB E ′′ via the projection π. This endows M b (U) with an analytic structure over E ′′ . 
In the case of bounded type entire functions (i.e., U = E), the description of the connected components of M b (E) is simpler than for a general open set U, as pointed out in [4] and [8, Section
is an entire function of bounded type on E. Thus, given ϕ ∈ M b (E) and z ∈ E ′′ , the homomorphism ϕ z can be equivalently constructed as
The sheet of ϕ is exactly
we can naturally associate a unique character on H b (E) which is just the restriction to the bounded type entire functions:
When the context is clear we will denote this restriction by ϕ | . The natural projection defined on M b (U) is just the restriction of the projection defined on M b (E), and we will denote both as π.
Suppose that U is balanced. The embedding of (M b (U), π) into (M b (E), π) is continuous (with their topologies as Riemann domains), so each connected component of M b (U) is embedded into a connected component of M b (E) (which is homeomorphic to E ′′ ). Therefore, restricted to each sheet, the projection π| S U (ϕ) is a homeomorphism onto some open set of E ′′ . Our main goal is to describe the connected components S U (ϕ), and a natural way to do this is to understand the image π| S U (ϕ) .
Under the same assumptions, given ϕ ∈ M b (U) and ψ ∈ S U (ϕ) there exists z ∈ E ′′ such that
what the connected components of M b (U) look like, it will be useful to determine for which z ∈ E ′′ the homomorphism (ϕ | ) z belongs to M b (U) (which means, again, that (ϕ | ) z can be extended to
The following lemma from [2] will be useful for our results, in particular for Lemma 2.4.
. Let E be a Banach space with Schauder basis (e k ) k∈N , and denote by
Lemma 2.4. Let E be a Banach space with Schauder basis (e k ) k∈N , and let
For each N ∈ N, the following assertions hold.
(1) For z ∈ E ′′ and f ∈ H b (E),
, where
it follows from Lemma 2.3 that
(2) Since ϕ ≺ A, we have
We recall that a subset U of a Banach space with unconditional basis (e k ) k∈N is complete Reinhardt
x k e k ∈ U and |λ k | ≤ 1 for all k. Proposition 2.6 states that if U is a complete Reinhardt domain in a Banach space with 1-unconditional basis, then each sheet in the spectrum is also a complete Reinhardt domain. First we need the following lemma, which is probably known. Proof: Any Banach space with unconditional basis can be renormed so that λ · x ≤ x whenever λ ∞ ≤ 1. Assuming that E has such a norm, let us show that the sets U n = {x ∈ U :
} are complete Reinhardt. Note that it suffices to prove that if B δ (x) ⊂ U and
Let y be a point in B δ (λ · x) and define a vector z ∈ E by specifying its coordinates as follows:
If the index j is such that |x j | < |y j |, then |z j − x j | = |y j | − |x j | ≤ |y j | − |λ j x j | ≤ |y j − λ j x j | by the triangle inequality. And if j is such that |x j | ≥ |y j |, then |z j − x j | = 0 ≤ |y j − λ j x j |. Thus
In other words, z ∈ B δ (x), so z ∈ U. Since |z j | ≥ |y j | for every j, and U is a complete Reinhardt set, it follows that y ∈ U. But y is an arbitrary point of B δ (λ · x), so we conclude that B δ (λ · x) ⊂ U. ✷ If we only look at the subset of homomorphisms that project to E, then the above topology restricted to M b (U) ∩ π −1 (E) is well defined, even though E is not symmetrically regular. Thus, for
) is a Riemann domain over E (see [7] ).
Proposition 2.6. Let E be Banach space with 1-unconditional basis (e k ) k∈N and let U ⊂ E be a complete Reinhardt open subset. Then, in each sheet of
such that the set
is a complete Reinhardt subset of E.
We must show that for every scalar sequence λ with λ ∞ ≤ 1, the vector w = λ · z satisfies that ϕ w extends to M b (U) whenever ϕ z extends to M b (U). Note that since ϕ w belongs to M b (E), it suffices to show that ϕ w ≺ A for some U-bounded set A.
Let us start by assuming that z = N j=1 z j e j . If f ∈ H b (E), it follows by Lemma 2.4 that
Let us consider the entire function of bounded type,
then, applying again Lemma 2.4,
By the previous lemma we may take a complete Reinhardt U-bounded set, A, such that ϕ z ≺ A.
Then,
Therefore ϕ w ∈ M b (U) and ϕ w ≺ A.
Take now an arbitrary z ∈ E for which ϕ z belongs to M b (U) with ϕ z ≺ A. Let us denote by π N the projection onto the span of {e 1 , . . . , e N } and choose 0 < δ <
. We can take N such that
. Now, proceeding as in [4, page 550], we have ϕ
By the first part of the proof, for λ ∞ ≤ 1 we have
Finally, since δ is arbitrary small, we conclude that
If the Banach space E is reflexive (which obviously implies that E is symmetrically regular), the above result tells us that the sheets of M b (U) are complete Reinhardt domains.
Corollary 2.7. Let E be a reflexive Banach space with 1-unconditional basis and let U ⊂ E be a complete Reinhardt open subset. Then for each sheet
S of M b (U) there exist a character ϕ ∈ M b (U) ∩ π −1 (0) and a complete Reinhardt domain V ⊂ E such that S = {(ϕ | ) z ∈ M b (U) : z ∈ V }.
The spectrum of bounded type functions on B ℓp
We now focus in the case where U is the unit ball of ℓ p . The following theorem shows that each sheet is also a ball centered at zero. We will see later in Theorem 3.3 that the radius of each sheet other than the sheet of evaluations, is strictly smaller than 1. 
for some 0 < r ≤ 1.
Proof: By Corollary 2.7 we know that each sheet intersects π
and suppose that (ϕ | ) z belongs to M b (U) for some z ∈ E. The theorem will be proved if we show
If w = (w j ) j∈N and z = (z j ) j∈N are such that w < z , then there exists N 1 ∈ N such that N j=1 w j e j < N j=1 z j e j for every N ≥ N 1 . On the other hand, since (ϕ | ) z ∈ S U (ϕ), there exists
, where Π N : ℓ p −→ ℓ p denotes the canonical projection, we have that (ϕ | ) v also belongs to S U (ϕ). Note that w < v and that
To show that (ϕ | ) w ∈ S U (ϕ), we will construct some auxiliary bounded linear transformations, as follows. First, take γ :
which clearly satisfies S N ≤ 1 and S N (v 1 , . . . , v N ) = (w 1 , . . . , w N ) . Finally, let
. In other words,
Note that T N (v) = w and, since
we also have T N ≤ 1.
If f ∈ H b (E), then it follows from Lemma 2.4 that
and that
On the other hand, for
Hence,
If A is a U-bounded ball such that ϕ v ≺ A, then, using again that T N ≤ 1, we conclude that
A natural question at this point is whether each sheet on M b (B E ) is necessarily a ball centered at zero, for more general Banach spaces. The next example shows that this is not always true.
Example 3.2. Let E = e 0 ⊕ ∞ ℓ 2 . Take ϕ ∈ M b (B E ) to be any limit point of the sequence (δ en/ √ 2 ) n . By Proposition 2.6 we know that the projection of the sheet of ϕ
is a complete Reinhardt open set. Let us show that π(S B E (ϕ)) is not a ball centered at 0. For this we will see that (ϕ | )
For the first assertion, just note that the set (se 0 + e n / √ 2) n is B E -bounded and clearly (ϕ | )
For the second assertion, define the function f (x) = k≥1 x 2 k . Then f ∈ H b (E) and for every m ∈ N, its m th -power satisfies f m B E = 1. On the other hand,
Now that we know that each sheet of M b (B ℓp ) is a ball centered at zero, we would like to estimate its radius. Let us first recall some terminology from [3] that will be used in the next theorem. For ϕ ∈ M b (B E ) and m ≥ 0 we associate ϕ m ∈ P( m E) ′ , as ϕ m := ϕ| P( m E) . Recall also that R(ϕ), the radius of ϕ, is defined as the infimum of all r > 0 such that ϕ ≺ rB E . In [3] it is shown that
It should be mentioned that the definition of the radius and the above result were given for ϕ ∈ M b (E), but it is easily checked that the same works for ϕ ∈ M b (B E ).
Theorem 3.3. Let E = ℓ p , 1 < p < ∞, and let U = B ℓp . Given a sheet S, we take ϕ ∈ S ∩ π −1 (0)
(which exists thanks to Theorem 3.1). Then,
where ⌈p⌉ denotes the smallest natural number which is ≥ p.
Proof: Let us first prove the lower inclusion. Take z ∈ (1 − R(ϕ) p )
Consider the polynomial Q(x) = (e
Indeed, for x p ≤ 1,
Moreover,
, and then
The only homomorphism ϕ such that ϕ m = 0 for sufficiently large m is δ 0 , so the previous Theorem allows us to conclude the following. (that is, if the left inclusion in Theorem 3.3 were always an equality), then it would be possible to answer this question affirmatively.
